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Abstract

We introduce a tractable multi-issue model of electoral getition in which candidates are ex-
ogenously committed to particular positions on a subsedsafds, while they can choose a sequence
of binary positions for the remaining issues to maximizdrtinning probability. A majority-
efficient position is defined as one where a candidate cannot avalegority of the electorate better
off, taking as given his fixed positions. We characterize caobtfor majority-dficient positions
to exist. In contrast to models where candidates can chdbssevant positions, the candidates’
fixed positions in our framework imply that only some votemsswing votersWhether candidates
choose majority-gicient or majority-indficient positions depends on properties of the distribution
of these swing voters. We also use our framework to analyziitly rule and runff rule in elec-
tions with multiple candidates.
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1 Introduction

The one-dimensional policy model wittifiwe motivated candidates based on the seminal contributions
of Hotelling (1929) and Downs (1957) is the most widely usad auccessful model framework for a
formal analysis of political equilibria. We will call this adel thestandard modeih the following. Yet,
there are some tensions within the model, and between thelrand some real-world observations.

First, in the one-dimensional standard model, there iscagttendency for candidates to converge
to the same, moderate position that appeals to the “meditan’ymitigated only if the candidates care
about policy and to the extent that the position of the medsamncertain. Furthermore, all voters,
including those with extreme preferences, are, in equlibr indifferent between the two candidates,
as they propose the same policy. Yet, in reality, candidaften run on considerably divergent policy
platforms, and voters often intensely favor one candidatr the other. Second, while the standard
model is one-dimensional and continuous, in reality, tl@eemany policy issues, but each issue allows
for only a limited number of distinct positions.

We develop a model in which policy is multidimensional anddsy. Each dimension corresponds
to a position on a particular policy issue, and each voteal@aeferred position on each issue. A voter’s
utility from Candidatej is calculated by identifying those issues in which candidatd voter agree,
weighing them with a factor to measure the importance of ésstle, and adding up. Each candidate is
exogenously fixed on some issues. Fixed positions can npiated as characteristics of the candidate
(such as partyféliation, incumbency, gender, race or experience in previlacted fiice), or political
issues on which a candidate has taken a stand in the past amd edmmitment to a ffierent position
is not credible antr not helpful. On the remaining issues that are not fixeddicktes are free to
choose any position. By developing a framework in which odatgés have both fixed and selectable
positions, we provide a middle ground between Downsian fspdle which candidates are free to
choose any position, and the citizen candidate model, iclwhd commitment is possibleMoreover,
we show that this combination enhances our understandingropetition between political candidates
significantly: Some coreflciency results of existing models depend on the (seemimglgduous and
certainly unrealistic) assumption that all candidateseskttae same characteristics or positions on fixed
issues.

The most important result for political competition in tharedard model is thatfiice-motivated
candidates propose policies that appeal to the median. voteur multi-dimensional model, there is
no geometric notion of a median, but our concept of majaefficiency captures the same fundamental
idea of moderation. A policy imajority-gficientif a majority of voters prefers the proposed policy to
any other policy that a candidate could choose. In other sy@dhajority-€icient policy is a Condorcet
winner among a candidate’s policies, subject to the coingsramposed by his fixed positions.

We show that majority4@cient policies exist in the binary policy model for many diatitions of
voter preferences, and we characterize necessary éiclent conditions for existence. If a majority-

LIn the citizen candidate literature pioneered by OsborrmkSlivinski (1996) and Besley and Coate (1997), candidates
are policy motivated and cannot commit to any other positi@m their ideal one. While the citizen candidate model gan,
principle, handle multiple policy dimensions, most papetsis literature only look at a standard one-dimensioreifework.



efficient position exists for a particular voter distributiangenerically also exists for a slightly per-
turbed distribution of voters. These existence resultsrdaegesting in their own right. More impor-
tantly, they show that our central question — namely, whetamdidates choose majorityfieient
policies in equilibrium — is meaningful in our framework. f@lude at least one fixed and at least one
flexible issue dimension, our model is necessarily mult&fisional. However, the multidimensional
version of the standard model has the problem that a purditegquin generically does not exist (see
Plott (1967)). In that framework, it would therefore not hemising that candidates rarely choose
majority-dficient policies. It is therefore essential for the interatieih of our results that majority-
efficient policies often do exist in the binary policy model.

The key to the existence result is the discreteness of oirypgppace. We choose a binary setup
(rather than a more general one where candidates have sataafimber of feasible positions on each
issue) mainly for notational convenience, and becausestiie simplest multidimensional framework
for the analysis of theftects of fixed positions. Moreover, while many economistsused to con-
tinuous choice variables, we would argue that a setup with fesv feasible positions on each issue is
actually a quite realistic description of political cangras. A binary framework is implicitly behind
several internet-based political comparison programsekample, smartvote.ch (a cooperation project
of several Swiss universities) collects the political fiosis of candidates in national elections by ask-
ing candidates a number of yae questions on fierent political issues. Voters can answer the same
guestions on a website (and also choose a weight for eaa) iasd are given a list of those candidates
who agree with them most.The restriction to a limited number of possible positiona ba thought
of as follows: Candidates can only communicate a limited amh@f information in the campaigns
and therefore can commit only to clearly defined positiomsfaktt, candidates are typically not very
successful communicating nuanced positions to the eketoKerry’s attempt, in 2004, to explain his
preferences over fierent types of funding the Iraq war to voters (“I voted for 8Billion Dollars be-
fore | voted against them”) demonstrates that point. Vabéien like to know clearly where a candidate
stands on the issues. An alternative interpretation, wisitkacked up by experiments in psychology,
is that voters organize information in broad categoriestane a limited ability to understand and re-
member diferences in policy proposals (see, for example, Mullainati&chwartzstein, and Shleifer
(2008) and the references therein). In this case, candidate only choose to position themselves in
one of several categories.

In the standard model, the equilibrium policy is obviouslgjamity-efficient. The same is true in the
binary policy model if there is no fierence between the candidates’ fixed positions. In contiast-
ever, the multidimensional nature of the binary policy mddadamentally changes this, if candidates
have diferent fixed positions. In equilibrium, a candidate may pegpmajority-inéicient policies,
because adopting minority positions nmiagreasehis winning probability.

If candidates dfer in their fixed positions, some voters will strictly prefere of the candidates, no
matter which policies the candidates choose on flexiblessilihe candidatestectively only compete
for the votes of the remainingwing voterg(i.e., those individuals whose vote depends on the policies

2Similar programs exist for Germany (httvww.wahl-o-mat.de), Austria (httpwww.wahlkabine.g) and the Nether-
lands (httpy/www.stemwijzer.n)



proposed by the two candidates). We identify two fundameetsons for infficiency results. First,
the preference distribution among swing voters mdkedifrom that of the population at-large. Since
candidates care about pleasing swing voters, they may deespiesuch a position goes against the
wishes of the majority of the overall electorate.

Second, and more surprisingly, majority-ffieient choices can even arise if the preference distribu-
tion among swing voters is the same as in the populationgd larhe reason is that candidates compete
for different groups of swing voters. If Candidate 0 has fewer swatgrg who prefer him than Can-
didate 1, if both choose the same policy on flexible issues) ®andidate 0 may benefit if he chooses
to deviate to a minority position. While he will lose a majgrof his previous swing voter support,
and win only a minority of his opponent’s previous suppaid¢ie asymmetry betweenfidirent swing
voter groups implies that thefect on Candidate O’s total vote, and thus on his probabifityioning,
may still be positive. We also show that asymmetric swingwdistributions arise very naturally even
in a setting where all voters place the same weight factoth@diferent issues, and ideal positions are
independently distributed.

Our model also contributes to the interpretation of polissetyence. In the standard model, neglect-
ing the median voter in order to choose policies that pleas®nities reduces a candidate’s winning
probability, so that platform divergence cannot be rafiaed as an electoral success strategy in that
model. The observation that political candidates ofterppse divergent policies has been interpreted
in the sense that the fundamental assumptions in the basideastd model, in particular policy moti-
vation of candidates, have to be modified in order to be cterdisvith observed candidate behavior.
For example, policy motivation of candidates and uncetyaitbout the position of the median voter
can generate policy divergence. In contrast, in the binaligypmodel, policy divergence can arise in a
complete information setting with purelfiice-motivated candidates.

The binary policy model also yields novel results when conimgathe performance of plurality
rule and run€ rule electoral systems in elections with more than two adatdis. In most models in
the literature, candidates can either commit on all issoiesn none; in this case, we show that rtino
rule weakly dominates plurality rule: There are voter prefiee distributions such that a majority of
voters prefers the election outcome under ftingle to the election outcome under plurality rule, but
never the reverse. In contrast, if candidate®ediin their fixed positions and can choose positions on
some other issues, then the set of swing voters is smallerttieatotal electorate. We show that there
are instances in which candidates choose more moderatigopesinder plurality rule, and where a
majority of voters strictly prefers the election outcomelenplurality rule to the one under rufioule.
This result applies more generally. While one electoralesyismay be more desirable than some other
electoral systenfor any given set of candidatém the sense of selecting more often a candidate who
is preferred by a majority of the electorate), this relatinay reverse once we take into account the
effect of the electoral system on the positions that candidates Thus, focusing on the likelihood of
selecting the Condorcet winner among a given set of carefidatcomparing the performance electoral
systems is inherently problematic.

We present the model in the next section. In Section 3, wedntrte the concept of majority-
efficiency and derive the main results for competition betweenm ¢andidates. Section 4 analyzes



plurality rule and runf rule in the binary policy model with three candidates. Sech concludes. All
proofs are in the Appendix.

2 The model

2.1 Setup

Two candidatesj = 0,1, compete in an election. Candidates aftice-motivated and receive utility
1, if elected, and utility 0, otherwise, independent of tipliemented policy. There ateissues, and
the set of issues is denoted By= {1, ..., 1}. Candidatej, if elected, implements a policy described by
al = (a]-j)ies e A ={0,1}}, where eachajj € {0, 1} denotes Candidatgs position on issué (0 can be
interpreted as opposition to a particular proposal, andslipport of that proposal).

Candidatej can freely choose a policy on a subset of issBésc 3, while no commitment is
possible on the remaining issues. ThGsndidate j's typds given by eij)igsj, while his platformis
(a]-j)iesj. Candidatej’s policy consists of the combination of his type and platform, so Hisitset of
feasible policies is given bl = {(&)ic3lai = ajj foralli ¢ S anda € {0, 1} fori € Si}.

Let T be the set of voter preference types, with typical element(, 1) € A x R,.. We allowT to
be finite or infinite. Each voter typehas preferences ohof the form

|
u-(@) = - > Ailoi - al. (1)
i=1

We refer to such preferences as “weighted issue preferénthe citizen has an ideal positicw on
each issué and the importance of issuiés given by the weighi;.

Let u be the distribution of voter types. Note that this is justegjfrency distribution that is known
to the candidates. [ is finite thenu({r}) is the percent of voters in the population that are of type
The timing of the game is as follows:

Stage 1 Candidates = 1,2 simultaneously announce policias € Al. A mixed strategy by agerit
consists of a probability distributiom! over Al

Stage 2 Each individual votes for his preferred candidate, or abstevhen he is indferent between
both candidate3. Candidatej wins if u({ﬂaj > a‘j}) > u({rlaj < a‘j}). In case of a tie
between the candidates, each wins with probability 0.5.

Clearly, mixed strategy equilibria always exist since egtis finite.

2.2 Interpretation

We assume that, in each issue, candidates have (or take) wveeositions. A binary model is the sim-
plest way to capture the more general idea that the polioyespansists of a set of finite categories from

3If a voter has a strict preference, then it is a weakly dontisérategy to vote for the preferred candidate. If an agent is
indifferent, he could in principle vote for any candidate or abstait the assumption of abstention is quite natural, ané non
of the results in this paper depends critically on it.



which policy can be chosen, and another set on which camdidabsitions are already determined. For
issues where the candidates’ positions are fixed, the b#wny is without loss of generality even if the

space of generally feasible positions or characteristidarger. Consider, for example, voters’ ethnic
or racial preferences. Each candidate belongs to one ofadealifferent races, and individual voters

have a (possibly strict) preference ranking over all radilins of this characteristic. However, if (say)

one of the candidates is white, while the other one is Afddamerican, then it is irrelevant how voters

would feel about, say, an Asian candidate. Thus, for a gia#ngd candidates, we can model the racial
characteristics of candidates as binary. This argumentespmore generally for fixed positions.

The utility function (1) assumes that the issues enter iergdutility functions in a separable way,
so that the position that is adopted on issudoes not fect a voter’s preferred policy position on
issuej. This assumption appears reasonable if we consider two letehpseparate policy issues. For
example, if a voter prefers school vouchers to be providearididates oppose gun control, then this
preference should not change if the candidates support goinot* However, there are also cases
in which complementarities between issues can yield nparsble utility functions. For example, in
Krasa and Polborn (2009), we analyze a model in which a wméferred policy from a candidate
depends on the candidate’s level of expertise, which is @ foxeracteristic. In summary, we think
of weighted-issue preferences in the present model as al @sef simple benchmark, rather than as a
necessarily realistic assumption in all circumstances.

A key ingredient of our model is the mix between fixed possidas in the citizen-candidate model)
and flexible position as in the original Downsian model wifice motivation. The notion of fixed po-
sitions in our model is related to the valence literaturé #malyzes theféect of a non-policy candidate
characteristic such as competence that cannot be chosée bgrididates. Indeed, Groseclose (2001),
p. 862, argues that “if either candidate has an entrenchsitiggpon a past policy issue, this may work
like a valence advantage”. However, valence is a very shiaa characteristic in that it is appreciated
by all voters, while a particular fixed position on a policgug generally makes a candidate more pop-
ular with some voters and less popular with others. Our tesull show that this diference matters.
In particular, being fixed to the majority-preferred pasitiwhile the opponent is fixed to the minority
position isnot equivalent to having some valence advantage.

3 Majority-E fliciency
3.1 Definition

The central result for political competition in the starditamework is that candidates propose policies
that appeal to the median voter. This median voter resulesponds to a notion that political com-
petition forces candidates to propose “popular” policiesiider to win elections. “Moving toward the
median” (from a non-median initial position) is popular lretstandard model because it is preferred by

“Note that we do not assume anything about the correlatiodesfliposition on dferent issues. For example, it could
be the case that voters who support school vouchers are ikehg to oppose gun control than those who oppose school
vouchers.



a majority of voters. While there is no geometric notion ofhzetlian voter” in our model, the following
concept captures the same fundamental idea. A candidati&ly 5 majority-gficientif a majority of
voters prefers this policy to any other policy that the cdatk could choose. Thus, a majoritfigent
policy is the most popular policy a candidate can choosgestutm the constraints imposed by his fixed
positions. The central question of our analysis is whethadirlates choose majorityheient positions

in equilibrium. We first define majority preferences overigiek.

Definition 1 Policy a ismajority-preferred to &, denoted by a&* &, if and only ifu ({rla >; a'}) >
p({rla = a}).

Furthermore, if a>* & but not & >* a, we say that a istrictly majority-preferred to &, denoted
by a>* &.

A policy is majority-dficient if and only if it is a Condorcet winneelative to the set of the candidate’s
feasible policies

Definition 2 Candidate j's policy &€ Al is majority-gfficient if and only if & >* a for all a € Al.

In general, the smaller is the set of feasible policies, tloeentikely it is that a majority-ficient
policy in such a set exists. In fact, it is straightforwardfited examples in which majorityfgcient
policies exist, but there is no Condorcet winner in the tradal sense (where all positions can be
chosen). Thus, recognizing that candidates are in prafitied on many positions, and restricting the
comparison set to a candidate’s feasible policies, makégarityaefficiency a more applicable concept
than that of a Condorcet winner.

The reader may wonder whether majoriffigdency as a candidate-specific concept is necessarily
related to welfare properties of the equilibrium. For exénf a candidate is never elected in any
equilibrium, then his position is irrelevant and so it does matter whether his proposed policy is
majority-dficient. However, it is easy to see that if a candidate is a gemontender, then majority-
efficiency is equivalent with the winning policy being a Conddneinner among all feasible policies of
all candidates. Thatis, in a pure strategy equilibriumrehe no feasible policy for either candidate that
would make a majority of the voters bettdf & and only if the winner’s platform is majorityf&cient.
More formally we state this insight in the remark below.

Remark 1 Let(a%, al) be a pure strategy equilibrium and assume without loss oégeity that Can-
didate 0 wins the election, so that policy ia implemented. There is foe A° U A such that >* a°
if and only if & is majority-gficient.

Note that we do not claim that the candidates’ equilibriurategies are necessarily majoritffieient.
Indeed, we will show that this is not always the case, everuie gtrategy equilibria. Thus, in these
cases the outcome is undesirable from a social perspective.



3.2 Existence

We now show that majorityfcient policies exist in all propositions and examples adeigd in this
paper. These existence results are interesting in theirrighy but also are essential for the interpre-
tation of our main results in Sections 3.3 and 4, which ded#i trie question whether candidates adopt
majority-dficient policies in equilibrium. By showing that existencenadjority-dficient positions is
robust in the binary policy model, we can conclude that adapif majority-indficient positions is not
caused by lack of existence of a majoritigi@ent policy.

Lemma 1 relates majorityfléciency to a property of the median of the distribution of ideaints,
weighted by issues weighis.

Lemma 1 Suppose that preferences are given by (1) and that all vbigve the same issue weights
for selectable issuesd S!. Letal € Al and for every ie S! define X(6) = 1if 6 = & and %(6) = 0,
otherwise. Theal is majority-gficient if and only ifmedian(3icp 4iX) > 0.5 Ycp 4 forall D c S/,

Intuitively, if the median of};.p 4i X is greater than 0.5, then at least half of the populationepsef
to another policy that diers froma on issues irD. We use Lemma 1 to prove Proposition 1 below,
using the fact that a distributiold that first-order stochastically dominates a distributi®has a higher
median.

First, however, we apply Lemma 1 to the case of only two seldetissues. Under which conditions
is choosing 1 on both issues majoritfiieient? By Lemma 1, the median of the weighted distribution
of ideal points,).p 48 must have a median of at leasb( ;.p 4; for any set of selectable issues
D c {1, 2}. If D consists of a single issue, then this property is satisfiaddfonly ifu({¢; = 1}) > 0.5,
i.e., if at least 50% of the population prefgr= 1to6; = 0. Now letD = {i4, i}, and suppose (without
loss of generality) thal; > A,. Thena161 + 120, has four possible realizations<041, < 13 < A1 + A».
The median condition is therefore satisfied as long(@ = 6> = 1} U {61 = 1,6, = 0}) > 0.5, which
is equivalent tqu({61 = 1}) > 0.5 (and thus does not impose an additional restriction). Theraent
generalizes immediately for arbitrag) € Al: The policy preferred by a majority on both issues is
majority-dficient.

Corollary 1 Suppose that there are two selectable issues and that alls/bave the same issue weights
A; for them. Theral € Al is majority-gficient if and only ifu({6; = a'}) > 0.5.

The significance of Corollary 1 is that a number of interesxamples can already be generated
with one or two flexible issues, and in all these applicati@éstence is guaranteédsf there is only
one selectable issue then a majorifiieéent policy obviously always exists (even if agents algtedi
by issue weights).

We now provide another result that can be used to charaeterigority-dficient policies.

5A result similar to Corollary 1, but based on venffdrent assumptions, is derived by Bade (2006). She shows, in a
two-dimensional Euclidean model, that an equilibrium & game between candidates exists (located at the mediantin ea
dimension), if candidates are uncertain about the shapetefs/ indiference curves and are uncertainty-averse (rather than
expected-utility maximizers).



Proposition 1 Suppose that all voters have the same issue weightse 3. Letal € Al. For every

i € Sl define X(¢) = 1if 6, = & and X(6) = 0, otherwise, and let F be the distribution of=X(X;)ics;.

1. 1f

F() < [ [05", forall xe (0, 1%, (@)
ieSi

thenal is majority-gficient.

2. Suppose that ({6 = &} | (6, # 8 ....6, # & }) > u ({6 = &}), forall {is,....ik} < 1\{i}. Then
the reverse implication is also true, i.e.a is majority-gficient then(2) must hold.

To get an intuition for Proposition 1, consider the case whﬁ%r: 1 for all flexible issues € Si is
majority eficient. If the distribution of type8 is uniform in{0, 1}', thena’ (as well as any other policy)
is clearly majority-#ficient. Now consider a new distribution of types that firslear stochastically
dominates the uniform distribution (i.e., we take some ngtnd switch their preference on at least
some issues from 0 to 1). The mediamfp 4;X; must now be (at least weakly) higher than under the
uniform distribution (for evenD), and thus (by Lemma 1j remains majority-fiicient. The second
part of Proposition 1 shows that, if there is a negative tatimn between the individual issues, then the
condition is both necessary andistient.

An immediate consequence of Proposition 1 is that if Xhare independent, that is majority-

efficient if and only ifu({6; = 51.’} > 0.5 foralli € S. We now state this result.

Corollary 2 Suppose that voters have the same issue weights and thatinal distributions of
ideal points are independent, i.@({6; = &,0; = a;}) = u({6; = a))u({0; = a;}) for all &, a; € {0, 1},
i # j,i, j € SI. Then policyal is majority-gficient if and only ifu({6; = &'}) > 0.5.

In summary, the results in this section suggest that theesde of majority-&icient policies is
relatively robust in the binary policy model, in the sensat e distribution of voters can be changed
in a generic way without féecting the existence of a majorityieient policy. This robustness result
contrasts with the generic non-existence of equilibriumiticimensional Euclidean model of Plott
(1967)8

3.3 Adoption of minority positions in the binary policy model

Identical fixed positions. To our knowledge, all existing deterministic voting modalswhich a

majority-eficient platform exists have the feature that both candidzttesse that policy as their equi-
librium platform. This is certainly true for the one-dimémrsal Downsian model, in which both can-
didates choose the median voter’s bliss point. Also, whiheagority-dficient position rarely exists in

8In Plott (1967), each voter is in@iérent between all policies that have the same distance fisrbliss point, and a
majority-dficient policy corresponds to a Condorcet winner (as therenarixed positions). Plott shows that a Condorcet
winner exists if and only if the distribution of voter ideadipts is radially symmetric around one voter’s ideal poirg.( that
voter is the “median in all directions”). This existence dition is highly non-generic: Starting from a radially syratric
distribution and changing the ideal point of only one votemally destroys radial symmetry. This is true even if, inspéit
of our Proposition 1, we move that voter’s ideal point clagethe previous median, as long as we don’t move it exactly on
the line that connects the median with the voter’s previdesli point.

8



a multidimensional Downsian model, if it does, then bothdidates choose it as a platform. These
results suggest that, if candidates can choose majdiityiemt positions, they will always do so in
equilibrium. Perhaps surprisingly, this conjecture tuons to be false in the binary policy model, if
candidates dier in their fixed positions. Only if candidates have exadily $ame fixed positions, then
they are guaranteed to choose a majorificient platform, provided that one exists.

Proposition 2 Suppose that A= Al:

1. Then(a®, al) is a pure strategy Nash equilibrium if and only if both and & are majority-

gfficient.

2. Suppose a majoritygecient policy exists. I{c°, ot) is a mixed strategy equilibrium, then every
policy in the support of-° and ot is majority-gficient.

Proposition 2 highlights the role of fixed positions for athjority-inefficiency results in this paper,
and indeed, for related results when voters do not necissarie weighted-issue preferende©ne
interesting issue is, for example, whether there are anyefadd which dfice-motivated candidates
have a strict incentive to fierentiate from their opponent for electoral g&ifroposition 2, point 1,
shows the crucial role of fixed positions for any such modéthdre are no dferences between the
candidates’ fixed positions, then a pure strategy equilibrivith differentiation exists only if there are
two (or more) majority-ficient policies. Moreover, even in this case (say, there weerhajority-
efficient policies,a andb), there are also equilibria in which both candidates chdbeesame policy
(that is, @, a) and p, b) are equilibria), and in all equilibria, candidates areffetent between playing
a andb, so there is never a strict incentive for candidates fi@intiate. The same is obviously true for
symmetric mixed strategy equilibria.

Swing voters. We now analyze whether candidates select majoffigient platforms if they dter in
their fixed positions. Our main points can already be madevarasimple setup where both candidates
are flexible on only one (and the same) issue. However, ibwittlear that the basic principles identified
here do not relie on this simple structure, but apply moregaly.

Without loss of generality, assume that both candidatefiexible on issud, while they are fixed
in all of the firstl — 1 issues. Itis useful to define the notion of a swing voter asi@imal supporter. We
say that a voter is awing voter for Candidaté if he prefers Candidate 1 if both candidates choose the
same policy on issuk, but prefers Candidate 2 if Candidate 2 proposes the vatezkerred position
on issud while Candidate 1 proposes the opposite position.

Definition 3 Voter typer = (4, 0) is a swing voter for Candidate j if

-1 -1 1-1
= Adc— g <= > Ade—all < = > Ade— a1+ Ar. (3)
k=1 k=1 k=1

"The proof of Proposition 2 applies for general voter prefees, not just for weighted-issue preferences.
8We are grateful to Ernesto Dal Bo for raising this question.



Let SV, denote the number of swing voters for Candidate |,3¥; = /1({7’ | T satisfies(S)}). Further-

more, let¢; = ,u({‘rlT satisfieq3) andg, = 0}) denote the percentage of voters who prefer position 0 in
issue | among the swing voters of Candidate j.

A voter is either a swing voter, or eore supporterof one of the candidates (i.e., prefers the fixed
positions of one candidate so much that he would never vatdifoopponent, independent of the
candidates’ positions on the flexible issue). Note thatheut fixed issuesall voters are swing voters.

Obviously, equilibria with minority positions can occurdhe candidate is so much stronger than
his opponent that he wins, no matter what his policy positiare. To rule out such trivial cases of
majority-ingficient equilibria, we introduce the following refinement:

Definition 4 An equilibrium(a’, at) satisfies therote-maximization propertif there is no strategy for
either candidate that increases the number of votes hevesei

A way of justifying this refinement is to embed our model in evigere there is, in addition to the ratio-
nal voters modeled here, a random number of “noise voters watte for Candidate O with probability

p and for Candidate 1 with probability 4 p, irrespective of the policy positions that the candidates
take. In such a framework, both candidates maximize theairalhwinning probability by maximizing
the number of votes they receive from rational voters.

Since the number of core-supporters does not depend on dkferpis, we can focus on swing
voters for the determination of vote-maximizing equilébriThe number of swing voters who vote for
the two candidates, depending on their platforms, is giwefigure 1. For example, if Candidate O
plays 0 and Candidate 1 plays 1, then all swing voters whepfebn issue vote for Candidate 0 and
vice versa.

Cand. 1
0 1
cand. 0 ° SVo, SV1 £0SVo + £1SV1, (1 — £0)SVo + (L - £1)SV4
1 (1-&)SVo+ (1-£1)SV1,60SVo + £1SV1 SVo, SV1

Figure 1: Swing voters voting for Candidate 0 and 1

The following Proposition 3 states necessary arfiigant conditions for equilibria that satisfy the
vote-maximizing property.

Proposition 3 Suppose that candidates are flexible only in issy@,I0) is an equilibrium that satisfies
the vote-maximizing property if and only if

SVi _[1-& & |
. 4
Vo | & 1-a @

(1, 1) is an equilibrium that satisfies the vote-maximizing propédrand only if

SVlei & 1-&)
SVo |1-&4" & |

(5)
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(0,1) and(1, 0) are equilibria that satisfy the vote-maximizing propefftgmnd only if
SVi=SVpandéy + &1 =1 (6)
In the latter case(0, 0) and (1, 1) are also equilibria.

Clearly, (6) holds only in highly non-generic circumstasiceDisregarding this case, at most one of
equations (4) and (5) can hold, since the lower limit of thierval in (4) is the upper limit of the
interval in (5), and vice versa (so that, generically, onéheftwo intervals is an empty set, as its lower
limit is a higher number than its upper limit). Without loskgenerality, suppose that the interval on
the right hand side of (4) is non-empty. The propositiorstal that, for (00) to be an equilibrium, the
ratio of swing voters must neither be too low nor too high. Wee/ruse Proposition 3 to identify two
fundamentally dferent incentives for candidates to choose majorityicient policies in equilibrium.

Non-representative swing voters. The first reason for equilibrium majority-iffeciency is quite straight-
forward: The preferences of swing voters (as captureghl@ndé&;) may not be representative for the
preferences of the population at large. The following exanijustrates this point.

Example 1 There are two issues. In the first issue, Candidate O is fix€daaid Candidate 1 at 1.
Both are flexible on issue 2. Voter types are given by 4o, 61, 62). Suppose there are only four types
T = {71, 72,73, 74}, Wwherer; = (1,4,0,0), 72 = (1,4,1,0), 73 = (4,4,0,1), andrs = (4,4,1,1), and
1> A. That is, 71 andr, consider the first, fixed issue, to be the more important odetfzerefore are
core supporters of the candidates. In particulaglways votes for Candidate 0 anglalways votes for
Candidate 1, no matter what policies the candidates chaogsoe 2. In contrastz andr,4 put a high
weight on issue 2 and are thus the swing voters for Candidaitel @, respectively: If candidates choose
different positions on issue 2, they would vote for the candidéie picks their preferred position.
Since all swing voters prefep = 1 (i.e.& = &1 = 0), itis clear that both candidates cho@se= 1
in the unique vote-maximizing equilibrium. Candidate Oeiges the votes of types, andrs, while
Candidate 1 receives the votesmefandr4. This equilibrium is not majority4&cient, if a majority of
voters prefers position 0 on the second issue (i.@({if1} U {12}) > u({r3} U {r4}). =

The dfect of Example 1 is also present in the probabilistic votingdei (henceforth PVM) pio-
neered by Lindbeck and Weibull (198%)n which both candidates choose the same policy platform
that maximizes a weighted sum of utility offfirent groups in society. The weight of a group in the
candidates’ objective function is higher than its popolatshare, if voters in the group are more “mov-
able”, i.e. if they are relatively likely to switch to a caddte who @ers them a more favorable policy
position. Example 1 is based on a analogdtisat, but provides the result in a simpler and deterministic
setting: In the PVM, there are a number of exogenous randackshand members of a group with the

%In the PVM, voters are divided in fierent groups according to their utility from policies (tlzaie choice variables for
candidates). In addition, all voters receive a commontytiihock (like valence), and an idiosyncratic “ideologytsk. See
also Lindbeck and Weibull (1993), Coughlin (1992) or Pensaind Tabellini (2000) for a review of the various developtaen
of this literature.
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net gain

1 il

Prefers Candidate 0 | Prefers Candidate 1 Prefers Candidate 0 ;| Prefers Candidate 1

(A) B)

Figure 2: Net Preference Distribution for Candidate 1

same interests about issues must fEi@antly diferentiated “ideologically” (i.e., in a dimension that
cannot be addressed by the candidates) for an equilibriterist®

Asymmetric swing voter distribution. Even if preferences of swing voters are representativepning
inefficient policies may be adopted. For example, suppose that@Q@Be population prefers issue 0,
and that the same is true among swing voters, dee= &1 = 0.6. If the distribution of swing voters is
suficiently balanced (i.e., if B < SV1/SVp < 1.5), then, (Q0) is an equilibrium. However, if Candi-
datej has }3 fewer swing voters to defend than his opponent, then Cateljdvill deviate and select
position 1 on issué.

Consider Figure 2, where we focus only on swing voters. P@jeshows the distribution of swing
voters when both candidates adopt the majorificient position 0 on issue The black part of each
bar indicates the voters who prefer 0 on isspye/hereas the gray portion stands for the minority that
prefers position 1. All swing voters to the left of the dashvedtical line vote for Candidate 0, while
those to the right vote for Candidate 1. Now suppose that idatel0 adopts policy 1 on isslie Then
he loses the black parts of both swing voter groups, and witts dray parts. Since Candidate 1 starts
out with more swing voters in (A), this results in the net gafivotes for Candidate 0 indicated in (B).
Moreover, it is clear that this net gain of votes may also mugh to swing the election, in which case
the deviation to majority-inficient policies strictly increases the pdlyof Candidate O.

To analyze this #ect in more detail, consider a situation in which the distiitn of preferences
over issues is independent (as in Corollary 2). Thus, theepgage of voters in the general electorate
who prefer position 0 on issukeis equal to the corresponding percentage among both switay vo
groups, i.eu({rl6;, = 0} = & = &;. Proposition 4 first provides fiicient conditions that guarantee that

10Besley and Coate (2001) present a model in which partiessehoandidates to maximize the utility of the majority of
their members. The electorate consists of rational voten® (@re influenced by the candidates’ platforms) and noiserso
who vote randomly. Besley and Coate show that parties magsehmajority-inéficient positions in equilibrium if there are
no swing voters, or if a majority of rational swing votersfgrethe minority position.
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a candidate can win by choosing a majorifiie@ent policy. In general, each candidate will have some
“strong” characteristics, i.e., those issues on which anitgjprefers his fixed positions. Intuitively, a
candidate is the better, the more important these issuemdrthe higher the majority that supports the
candidate’s position. Suppose that issues can be pairédisai; for each issue in which Candidate O is
weak, there is another, more important (in termg)aksue in which he is strong, and the majority pre-
ferring Candidate 0 in his strong issue is larger than theritgjfavoring his opponent in Candidate 0's
weak issue. In this case, Proposition 4 shows that Candidea@ win by choosing a majorityfiicient
policy.

In contrast, if such a ranking of candidates is not possthie distribution of swing voters can be
suficiently asymmetric such that the candidate who would losetéction if both candidates adopt the
majority-dficient position can win by choosing a majority-fieient policy. Obviously, both candidates
choosing a majority4&cient policy is then not an equilibrium. Moreover, the caaesrobust in the
sense that, for any distribution of ideal points, theretexd open set of issue weights for which this
phenomenon arises.

Proposition 4 Suppose that voters have the same issue weights so thapggeB= ©. Assume that
all marginal distributionsue, are independent, and that’S= S! = S. Suppose that, for each issue
i € 7\ Son which Candidate 1 is fixed to the majority preferred posit{i.e.,u({6|6; = ail}) > 0.5),
there exists an issugi) € 7 \ S on which Candidate 0’s position is preferred by a larger nmayjo(i.e.
u({01046) = ag(i)}) > u({616; = al})), whereg is a one-to-one mapping.

1. If 4Gy > Ai for all i with u({0l6; = a1-1}) > 0.5 then Candidate O wins by choosing a majority-
gfficient policy.

2. Let j € S. There exists an open sktx M; c Rl x (0.5,1] such that for all utility weights
(A1,...,41) € A and all u with 4({6|0; = a;}) € Mj, the following holds:
If Candidate 1 selects a majorityfieient policy, then Candidate 0 wins if and only if he selects a
majority-ingficient policy.

To get an intuition for Proposition 4, it is useful to congidpecial cases with only a few fixed positions.
First, consider the case of only one fixed position. (In otdemake this situation fit the condition in
Proposition 4, we can add a spurious second issue with0). It is easy to see that Candidate 0, who
has the advantage on the fixed issue, can guarantee himsettbigy oy choosing the majority-preferred
position on the flexible issue: His opponent can either atemse the majority-preferred position on
issue 3, in which case Candidate 0 wins with the support ofrta@rity that prefers his fixed position;
or Candidate 1 can take the other position on issue 3, in wda@sh, either nothing changesAif> 13),
or, if 11 < A3, Candidate 0O is supported by the majority of people who présfe majority-preferred
position on issue 3!

Second, consider the case of two fixed positions and one li¢egilte. Suppose that Candidate 0
is fixed to (Q0), while Candidate 1 is fixed to (1). Except for relabeling of candidates, there are

1A special case of this example is a model with valendgedinces between candidates (iad. voters prefer the “fixed
position of one candidate over the one of his competitor).
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25.2% 10.8% 25.2% 10.8%
0,1,1)  (LLD 0,1,L1) (1,L1)
> ? candidate 1 T candidate 1

(0.1,0) } 11(1,1,0) |
16.8% | P17.2%

L116.8% | 7.2%
' (1,0,1)

canélidateO : 5(0’0’1) :
' candidate 0 .
(0,0,0) (1,0,0) (0,0,0) (1,0,0)
11.2% 4.8% 11.2% 4.8%

Figure 3: lllustration of Example 2

three possibilities: (a) for both issues 0 is preferred byonitg of voters; (b) a majority prefers 0 on
the first and a smaller majority prefers 1 on the second issugd; > A»; (C) @ majority prefers 0 on
the first and a smaller majority prefers 1 on the second issud; < A,. Proposition 4 implies that
Candidate 0 wins using a majorityheient position on the third issue in cases (a) and (b), noanatt
what Candidate 1 does. We now focus on case (c) which progidexample for the second statement
of Proposition 4.

Example 2 Suppose that(r|61 = 0) = 0.7 andu(r|62 = 1) = u(rl6s = 1) = 0.6, that1; < A, and
thatd, — A1 < A3 < A2 + 1. Thus, issue 3 will not sway voters who prefer one of the cetds in
both of the first two issues, but has potentially #&eet on those who have mixed preferences on the
first two issues. The percentages of voters of each type aee @i Figure 3. Candidate 0 is fixed to 0
and Candidate 1 to 1 on the first two issues, i.e., Candidaéa titoose between,@ 0) and (Q0, 1),
while Candidate 1 can choose betweeril(D) or (1, 1, 1). In Figure 3, a citizen votes for the candidate
whose policy is closer in distance, where the distance irvéngcal (second) dimension is larger than
those in the other two directions.

Note that 60% prefer Candidate 1's position on issue 2 whichdre important to voters because of
the higher weight, but an even larger majority of 70% pre@asdidate 0 on the less important issue 1.
If both candidates adopt the majoritfieient positionaz = 1, then Candidate 1 receives the votes of
all 6, = 1 types, because issue 2 is more important to voters tham 1ssnd wins with 60% of the vote
(see left panel of Figure 3). Types, @ 0) and (10, 1) prefer Candidate 0 to Candidate 1 even though
they are the same number of nodes away from either candiolstause the vertical distance is larger.
For similar reasons, types,(@ 0) and (Q1, 1) are better fi with Candidate 1.

Note that these four voter types are the swing voters for ©artel 0 ((10,0) and (10, 1)) and
Candidate 1 ((0L,0) and (01, 1)), respectively. As the right panel of Figure 3 indicaies attractive
for Candidate 0 to adopt the majority-ifieient policy (Q0, 0). Now, each candidate receives the vote
of those citizens in the neighboring nodes. Thus, Candidatens swing voters (AL, 0) (which is less
than half of Candidate 1's swing voters) and loses swingrsdte0, 1) (which is more than half of his),
but the net gain of 9.6% is fiicient for Candidate 0 to win the election.
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More generally, one can check that Candidate O wins votesdbptang the majority-infficient
position 0 as long ag(r|63 = 1) € (1/2,7/9). The additional votes are ficient to swing the election
in Candidate O's favor as long ar]|63 = 1) € (1/2,16/27). In this case, candidates plafjestively
a matching pennies game in which Candidate 1 (0) wins if tmelidates choose the samef{eient,
respectively) positions. Thus, both candidates choosenijerity-indficient position with probability
1/2, and the election winner implements the majorityfiimégent position with probability 12. m

While Example 2, like the rest of the paper, considers binpasitions on each issue, the funda-
mental reason why it may be optimal for a candidate to choasajarity-indficient position is robust
in more general settings. Consider, for example, a setupenthe position on the flexible issue can
be chosen from a continuum, such that the median positiorajerity-efficient. Suppose that, if both
candidates choose the same position on the flexible isser title number of voters who barely prefer
Candidate 1 is larger than the number of voters who bareligepf@andidate 0. Furthermore, suppose
that the preferred position on the flexible issue is indepatid distributed of the voter’s net preference
for one of the candidates that arises from their fixed pasitidn such a situation, Candidate 0 has the
same incentive as in Example 2 to deviate from the majofiigient position, since he can attract a
larger number of Candidate 1's swing voters than he losesaviin swing voters.

Proposition 4 also demonstrates cledfatences between the PVM and the binary policy model.
In the PVM, candidates choose the same policy in equilibyiana the only reason for why candidates
may “cater” to particular groups (more than correspond$ése groups’ population weights) is that
they may care more about a particular issue and hence ateralgcmore responsive than the general
population. In contrast, all voters in the binary policy rebdave the same issue weights in their utility
functions. Thus, the result that it may be optimal for a cdat# to cater to the minority is based on a
different reasoning. Also, an equilibrium in which one candidets an incentive to cater to a minority
is in mixed strategies, and therefore candidates’ proppsédes diverge with probability /2.

The multidimensional structure of our model is crucial fbe tpotential optimality of majority-
inefficient positions for candidates. In the one-dimensionaidsted model, there is only one group
of swing voters (i.e., those at or close to the median of te&itution). Note that this is true even if
candidates are constrained to choose their position omhy & subset of the policy interval. Candidates
have to deliver a policy that is popular with the median voteurthermore, a policy that the median
voter likes is also preferred by a majority of the populatidherefore, in the equilibrium of the standard
model, candidates choose majorit§i@ent policies in order to maximize their chance of winning.
This leads to a presumption that candidates should picklpppositions in order to maximize their
probability of winning, but this argument logically only gles in a one-dimensional framework.

There is a large literature that tries to explain, within Br@vnsian model, the empirical observation
that candidates often propose considerably divergentipsli Candidates may diverge even though this
decreases their winning probability, because they caratdbe implemented policy (see, e.g., Wittman
(1983), Calvert (1985), Roemer (1994), Martinelli (200&yl and Pesendorfer (2009)). Other papers
obtain policy divergence withfice-motivated candidates, but assume incomplete infoomaimong
voters about candidates characteristics (e.g. Calla@068)) or among candidates about the position of
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the median voter (Aragones and Palfrey (2002), Castan(&i8), Bernhardt, Duggan, and Squintani
(2006))12 In contrast to all previous papers, policy divergence casean the binary policy model
in a full information environment, and, unlike in models kviolicy-motivated candidates, divergence
increases a candidate’s probability of winning.

4 Plurality versus runoff elections

4.1 Motivation

In this section, we depart from the two-candidate settimgydter to provide another application in which
the binary policy model provides novel results. When threenore candidates run for election, the
problem arises that the Condorcet winner (i.e., the catelidfo is preferred by a majority against any
opponent) may not win the election. While “third party catadies” (i.e., in the U.S., candidates neither
belonging to the Democratic nor the Republican party) ofitract only a small number of votes,
they can still &ect the election outcome. For example, in the 1992, 1996 866 P.S. presidential
elections, the election winner did not receive an absolusgority of the votes cast, indicating the
importance of votes for third party candidates. This haate concern that “spoiler candidates” can,
in general, change the election outcome under plurality amay from the Condorcet winner.

A number of alternative electoral systems have been praopimsdeal with this perceived problem
of plurality rule. For example, several local jurisdictioim the U.S. have switched to “instant riho
voting” (IRV) as electoral system for municipal electioresy. Minneapolis, San Francisco, Oaklahtl).
Another electoral system that has many supporters in theeatia community is approval voting.

Our analysis dfers in two respects from the existing literature: Firstiuatly all comparisons of
alternative voting institutions and th&ects of third-party candidates are set within a one-dinueradi
framework. Second, candidates are either assumed to bécatdenmit to any position, or not at all.
In contrast, we can analyze both théeet of the electoral system on the election winner, and fieete
of a third party candidate on the endogenous part of thegotatf of major party candidates. This new
endogenousfiect can be of crucial importance as it can overturn the stdnaalfare comparison of
rundf versus plurality electoral systems.

12A third branch of literature, which is less directly relatecdhis paper, explains policy divergence as entry detegday

two dominant parties (e.g., Palfrey (1984), Callander &R0
BIRV is a voting system for single winner elections in whictiers rank candidates in order of preference. If no candidate

receives an overall majority of first preferences in an IRst&bn, the candidate with the fewest votes is eliminatad, ls
votes are transferred according to his voters’ second renede. All votes are retallied, and the procedure is repaatél one

candidate achieves a majority.
14See, e.g., Brams and Fishburn (1978), Cox (1987), MyersdiWaber (1993). Under approval voting, each voter is free

to vote for as many candidates as he chooses. The candidhtéheimost votes is elected. The intuition for the advantage
of approval voting is as follows: Under plurality rule, vegemay ignore a moderate candidate and focus on two extreme
candidates, if they fear that the moderate has no chancenoifivg. In contrast, under approval voting, voters can vote f
both their preferred extreme candidate and the moderate caedistathat they don't have to fear to waste their vote. This
should make it easier for moderate candidates to win.
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4.2 Plurality vs. runoff when all positions or no positions can be chosen

As a benchmark for our analysis, we start with the Downsiaumption that candidates can choose
all of their positions (or, equivalently, that all candidathave the same fixed positions). In all of the
following, we assume that voters vote “sincerely”, i.er, theeir most preferred candidate. If voters are
indifferent between several candidates, then they are equally tik cast their vote for each of them.
In elections with three or more candidates, there are ysuadiny Nash equilibria in undominated
strategies. However, the equilibrium in which voters vatesrely is a natural focal poirf. Note that
Propositions 5 and 6 in this section hold for any generalnpteferences, not just when voters have
weighted-issue preferences.

Proposition 5 Suppose that there are n candidates with the same choiceASet Al = ... = A",
Assume that there exists a unique majorijfjeiEent position & e A°.

1. Under rungf rule, there exists an equilibrium in which all candidate®oke &.

2. LetA be the set of all policies that are preferred to lay more thanl/n of the voters. I is
non-empty, then there is no equilibrium under pluralityerslch that all candidates always play
a’, and the probability that a candidate with a majority-ffieient position wins the election is
strictly positive.

When all opponents choose under rund rule, then the best response is to pidyas well: Clearly,
there is no majority-ingicient policy with which a candidate could win an outright oréty in the first
round, and to have a chance of winning in the second roundstgain opponent who choosas a
candidate has to choosg as well.

In contrast, there is usually no equilibrium under pluyaliile in which all candidates choose
majority-dficient positions. If alln — 1 opponents choose the majoritffieient position, then a can-
didate can win for sure by playing some element®of Thus, there is no pure strategy equilibrium
in which all candidates plag*, and as a consequence, the winning position under plunaligy is
majority-ingficient with a strictly positive probability.

As an example, suppose that there are three candidates lgra@herissue, and that a proportigre
(1/2,2/3) prefers position 0, while the remainder of the electopagders position 1. Under ruificrule,
the unique equilibrium is that all three candidates choasitipn 0. Under plurality rule, a candidate is
guaranteed to win if both opponents take the opposite posiéind each candidate wins with probability
1/3 if all candidates take the same position. Clearly, theraoigoure strategy equilibrium. From
the symmetry of the two strategies with respect to the categ winning chance, it is easy to see
that each candidate randomizes between both policies wathapility 1/2 each in the unique mixed
strategy equilibrium. Consequently, the probability ttiet majority-indficient policy 1 wins is 12 in
equilibrium.

15Degan and Merlo (2006) suggest that, empirically, most mesevoting behavior is consistent with the assumption that
voters vote sincerely.
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We now turn to the case that politiciandtdr in their fixed positions and cannot choose positions
on any issue. Again, ruffiorule leads to (weakly) better results than plurality rulé¢his setup.

Proposition 6 Let & denote the entirely fixed position of Candidate j, and suppbst there is a
Condorcet loser (i.e., Candidate n would lose a two-way race against anyrathedidate)'® Under
plurality rule, the election winner may be any policy, whilkis not a possible election outcome under
rungff rule. Also, the election outcome under rifroile, ar, is weakly majority preferred to the election
outcome under plurality rule,@a

The Condorcet loses” can certainly have the most first preferences in the elget¢eand hence win
under plurality rule), but cannot receive an outright migjoin the first round of a run system, and
loses the runfd against any opponent (hence, cannot win in a fuegstem). The intuition for why
aR is always (at least weakly) preferreddp is that the plurality rule winner is at least guaranteed to
proceed to the second round in a riireystem; thus, for a majority of voters, the outcome undeoffun
is at least as good as the plurality outcome.

4.3 Rundf versus plurality with some fixed and some flexible positions

Together, the results of the previous section show thatffunte weakly dominates plurality rule in
terms of electoral outcome, if candidates can either chaflsaf their positions, ononeof them. It

is therefore tempting to conclude that rdihule is generally (at least weakly) better for society than
plurality rule. However, our results so far warn againsidng such a conclusion prematurely. Indeed,
we now show that, if candidatesfidir in their sets of feasible policies, then qualitativelffetient results
can arise in our model. The intuition is that the set of rai¢\sving voters dfers between plurality
rule and run€ rule. In Example 3, the set of swing voters is smaller undargtity rule than under
rundf rule, but it is nevertheless more representative for thajadipn at large.

The example is a somewhat more elaborate version of Examipievhich the two candidates cater
to the minority, because minority types are more willing baxge their voting behavior than majority
types. In other wordsamong swing voterghe (overall) minority is the majority. We then introduce a
third candidate who has no chance of winning, but changesdh®position of swing voters who are
relevant for the two main candidates in a way that now theallverajority in the population is also
the majority of swing voters; thus, under plurality rulee tmain candidates now choose the majority-
efficient policy. In contrast, under ruffoule, the main candidates essentially ignore the third icatel
because they care only about their showdown against eaeh iotlthe second round, after the third
candidate is eliminated, and the equilibrium has the saefidient features of Example 1.

Example 3 Candidate 0 is fixed to (@), and Candidate 1 is fixed to,(@), on the first two issues. Both
these candidates can freely choose their position on tietiisue. Candidate 2 is fixed at (11). The
following Table 1 gives the proportions and issue weightalb¥oter types.

16This assumption is clearly satisfied if there is a transitiagority preference ranking of candidatfs>* a! >* ... >* a",
but our assumption is more general.

18



Proportion| Preferred policy| 11 | 12 | A3
26% (0,0,0) 21 5|1
24% (1,0,0) 2151
10% (0,0,0) 15| 2
10% (1,0,0) 1 (5|2
6% (0,0,1) 1 (5|2
6% (1,0,1) 15| 2
9% (0,1,12) 1 (5|2
7% (1,1,12) 15| 2
2% (1,1,0) 1 (5|2

Table 1: Voter distribution

Note that 82% of the population strongly dislike Candidatepdsition on the second issue and
issue two is very important compared to the other issuess,Thandidate 2 is truly a “spoiler” who has
no hope of actually winning the election: Only 18% of the pagion would ever vote for Candidate 2,
so he can neither be the top vote getter in a plurality eleatior win the first or second round in a
runaf system. On the third issue, 72% of the population prefercpdiwhile 28% prefer policy 1, so
that policy 0 is majority-#icient (for both Candidate 0 and 1).

If only the first two candidates stand for election, the fikgo tvoter types will always vote for
their respective candidate, independent of the positioasdandidates take on issue 3; in contrast, the
remaining voters are the potential swing voters betweerdidates 0 and 1. Note also that, among
swing voters, a majority (28% versus 22%) prefers policy ltlon third issue. Depending on the
policies that the candidates choose, the vote shares ae miviable 2. Note that a candidate’s vote
share is always 3 percentage points higher when he chagse4. Thus, in vote shares, polieg = 1
is strictly dominant, and it is weakly dominant in terms oé thinning probability. In the equilibrium
in weakly dominant strategies, both candidates therefooese policyaz = 1.1/

(1,0,0) (10,1)
(0,0,0) | 51%, 49%| 48%, 52%
(0,0,1) | 54%, 46% | 51%, 49%

Table 2: Candidates’ vote shares

Under rundt rule with three candidates, the same logic applies for tlieypohoice of Candidates O
and 1: Both are guaranteed to proceed into the second roesduse each has a core support (from
one of the first two types) that is larger than the 18% that @kate 2 gets from the last three preference
groups. Thus, in their policy choice under riivule, Candidates 0 and 1 face exactly the same problem

Since candidate 1 always lose§,= 1 anda} = 0 is also a Nash equilibrium. Because the implemented pditiye
same as in the equilibrium in weakly dominant strategieswiblfare comparison between plurality and rfimale would be
the same as in the text.
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as if Candidate 2 did not exist, and therefore will choosestmme positions as in the two-candidate
election above: Thusag =1 anda% = 1 under run€ rule, and Candidate 0 wins with policy,@ 1).

Now consider what happens under plurality rule in a threalickte election: Candidate 2 attracts
the votes of the last three voter types affeeively removes them from the set of swing voters who are
relevant for Candidates 0 and 1. Choosing policy 1 inste&doofthe third issue would now only attract
6%, but, at the same time, lose 10%. The unique equilibriuomolominated strategies ha%: 0 and
a% = 0 under plurality rule, and Candidate 0 wins with policy@).

The implemented policy under plurality rule with three ciaiadies, (00, 0), is majority-preferred to
(0,0,1), which is both the equilibrium policy when there are onptcandidates and the equilibrium
policy under run€ rule. Thus, Example 3 shows that plurality rule can lead teebeesults than rurtb
rule, and that the existence of a spoiler who cannot win caumome welfare for a majority of voters.

[ ]

There is certainly no guarantee that plurality rule is lvatian rundf rule (in the sense of majority-
efficiency) in the case that candidateffai in their fixed positions. Indeed, it is simple to adjust the
examples given in the last subsection to include some tifiiad differences between candidates, and
rundf rule would still generate better results than pluralityeruHowever, Example 3 demonstrates
that plurality rulemay (in a robust example) be strictly better than rffinale when candidates ftier
in their fixed positions and can choose a position on somea @thees. As the results of the previous
subsection show, this result cannot be obtained if canekdedin choose all positions, or no position at
all. Since these two cases are the only ones that can arissgrdimensional framework, a result such
as Example 3 requires a multidimensional setup.

While we have focused our comparison of electoral systemglumality rule and runff rule, the
fundamental insight we obtain applies more generally. $spphat there is an electoral system, call
it system A, that always selects the Condorcet winner frojngiaven set of candidates. In Example 3,
system A corresponds to rufiicule, but this could also be approval voting with strategitevs and
some refinement, say the “voting equilibrium” concept of kg and Weber (1993), or other electoral
systems suggested in the literature. Now suppose that wparenthe #iciency of electoral system A
with electoral system B (plurality rule in our example) tdaes not always select the Condorcet winner
from a given set of candidates. If the positions of candilate fixed in all issues, or if candidates are
flexible in all issues, then system A is indeed better thatesy®, in the sense that, if the two systems
produce diterent outcomes, then a majority of voters prefers the outconder electoral system A.
However, as Example 3 shows, this is not anymore true, if spasitions are fixed and others are
flexible for the candidates. Our result thus shows that ackefr “the best” electoral system (in
the sense of selecting the Condorcet winner for the largesgiple set of voter preference profiles) is
not necessarily a useful objective: Even if we were to finchsaie optimal electoral system for fixed

18Note that, under plurality rule, the spoiler candidatedikiee é€fect of his entry on the policy that is implemented: The
identity of the winning candidate is unchanged, but the wingroposes a policy on the third issue that the spoiler pefe
relative to the policy that would be proposed, if there arly two candidates. Thus, Example 3 is robust if we endogenize
the entry decision of the spoiler candidate, provided thistdandidate’s policy motivation is ficiently large in comparison
to the cost of running.
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positions, the outcome under this system might be dominagetie outcome under plurality rule (or,
some other “non-optimal” system).

4.4 Related literature on multicandidate elections

The dfect of third party candidates has previously been analyzétei Downsian model and the citizen
candidate framework. In a Downsian model with three candgjano pure strategy equilibrium exists
when candidates choose simultaneously, assuming thatsvetée sincerely? Thus, many models
assume some exogenous distinction between candidatesaio poire strategy equilibria. In Palfrey
(1984) and Callander (2005), one candidate (who is integgras the “third party candidate”) chooses
his platform after the two “main” candidates. In Palfreye threat of entry by the third party candidate
forces the two main candidates to choose positions thatquiglistant from the median. The third
party candidate (who is supposed to maximize his vote shagdannot win) chooses a more extreme
position than either candidate, and one that is as closesaij®to one of the two main candidates, and
loses for sure. He also induces the loss of the candidatetm@xtiom he chooses to position himself.
Thus, in this framework, policy-motivated third party cadates would either run on a platform opposite
to what they really prefer (if they can commit), or not run l{idithey cannot commit).

Osborne and Slivinski (1996) analyze the issue of thirdypeandidates in a citizen candidate
model, and also compare plurality rule and rfimale voting systems. The set of equilibrium positions
in two candidate races is more moderate under fiunde than under plurality rule, so that, from the
point of view of the median voter and the majority of the pawan, rundf rule is a better electoral
system than plurality rule. Under plurality rule, there danequilibria with a spoiler candidate who
enters the election in spite of having no chance of winninbis happens if the spoiler candidate is
located between the two main candidates and draws morefvotedhe candidate who is farther away
from the spoiler (this is possible only if the distributiohvoters is asymmetric).

5 Conclusion

The binary policy model provides an intuitive and tractaioéanework for the analysis of multidimen-
sional policy choice. The model allows us to study what happghen candidates’ positions are fixed
in some dimensions (possibly tofidirent policies), while they can commit on other issues. thin-
bination of the Downsian model and the citizen candidateehddo central models in the literature,
is both realistic and yields truly novel results.

The most interesting of our results arise from the interglbgnultidimensionality and candidates’
differentiated fixed positions (or characteristics) on someess\Voter preferences for fixed positions
imply that some voters will vote for one of the candidatesspective of the positions of candidates on
flexible issues. Candidates only compete for the suppohefémaining “swing voters”. We identify

19To our knowledge, the entire literature that compares fiects of electoral systems assumes sincere voting because
voting equilibria in plurality elections with more than tveandidates abound (and cannot be significantly narrowed dow
through standard refinements). Therefore no conclusiouls! @@ reached with the assumption of strategic voters. Atdge
that sincere voting is a Nash equilibrium in undominatedtsgies under plurality rule.
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two distinct reasons for why candidates may choose minprigferred positions in equilibrium. First,
the preference distribution on flexible issues among swiokgré may diter substantially from the
preference distribution in the population at-large. Se¢@mme candidate may have fewer swing voters
to “defend” than his opponent, and thus may benefit edkntiating from his opponent, even if his
opponent takes a position that is popular with a majorityadhg voters.

Thus, in our framework, policy divergence can arise with tffice-motivated candidates and no
uncertainty about the distribution of voters. This implteat two standard results of the Downsian
model — policy convergence of candidates, and movementmadidates “into the middle”, i.e., in a
direction that is preferred by a majority of the electorateare actually generated by the sameness of
candidates in, and the one-dimensional structure of, thv@Bian model.

Our focus on binary positions in each issue simplifies theehdalparticular the description of voter
preferenced® However, it is intuitive that the main insights from our hipanodel would continue to
hold. One could certainly study théect of fixed issues in a Euclidean framework with one dimansio
in which candidates are flexible. For a given location of thpamnent on the flexible issue, a candidate
may not necessarily have an incentive to locate close toppement: The reason is that the swing
voters are not necessarily located (only) between theiposiof the two candidates, as voters have
preferences over the candidates’ other, fixed dimensiomg$act, our examples of policy divergence
from the binary model can easily be embedded in the continmaalel. However, a characterization of
equilibria of the continuum would be very challenging, asepstrategy equilibria only exist in special
cases. Analyzing mixed strategy equilibria would agairunegmoving to a discrete setting.

We also apply our model to analyze elections with more thancandidates. In this case, rudhule
— or any other rule that selects the Condorcet winner moendfian plurality rule — weakly majority
dominates plurality rule, if candidates either cannot catvanall (the citizen-candidate case), or are
completely flexible on all dimensions (the Downsian casehesE results, while new in the binary
policy framework, mirror intuitions in the previous litdume. However, when candidates have some
fixed positions and are flexible in the remaining issues, theropposite case may arise: Even though
rundf rule (in our framework) always selects the Condorcet wirrean agivenset of candidates, and
plurality rule does not, theffect of the electoral system on the policies that candidaigsogse can be
such that a majority strictly prefers the equilibrium outeunder plurality rule than under ruifioule.
This result casts doubt on whether there is an “optimal”telat system (or even just one that is always
“better” than plurality rule in the sense of majority-prefiace) for a large set of preferences.

20For example, if an issue has three possible positions, themder to describe a voter's preference, we need to specify
a ranking of these positions, as well as how much the votesItkis second-most preferred position relative to his tap an
least-preferred choice. The more possible positions tierethe more complicated this becomes.
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6 Appendix

Proof of Remark 1. The “only if” direction is obvious. Suppose that the “if” s¢ment is false. Since
al is majority-dficient, there must ba & A! such thata™>* a°. But then, Candidate 1 could win by
playing & which cannot be true in equilibriunm

Proof of Lemma 1. Letal e Al be arbitrary. Theml > al if and only if at least 50% of the population
prefersal toal, i.e.,

u[{9| ;Mei ~al| < gmei —aH}) zu[{e | gmei _ 3| > ;mei - ajl}} @)

LetD = {ilal # al}. ThenD c SI. Using the definition o; implies that (7) is equivalent to

M[{e | iaixi > > a1~ xi)}] 2/1[{9 | iaixi < > a(- xi)}], (8)

ieD ieD ieD ieD

which in turn is equivalent to

u[{e | leaixi >05) Ai}} > u[{e | leaixi <05)" Ai}}. (9)
ieD ieD ieD ieD

Sinceu ({0 | Sl AiXi =05 0 /li}) + ﬂ({e | SlpAiXi <05%ip /li}) > 1, inequality (9) implies

1 ({9 | Yl o AiXi > 05%icp /li}) > 0.5 and hence

mediar{z A xi) >05)" A. (10)

ieD ieD
Conversely, if (10) is satisfied, then the left-hand sideQ)fi¢ at least 0.5, while the right-hand side is
at most 0.5, and hence (9) holds.

Because we have shown equivalence between (7) and (10) fiodilsws that if (10) holds for alD
then (7) holds for albl € Al, i.e.,a is then majority-éicient. m

Proof of Corollary 1. See text.m

Proof of Proposition 1. We first prove that/ is majority-dficient if (2) holds.

LetY; be acollection of i.i.d random variable, each of which asssinalues 0 and 1 with probability
0.5. LetG be the distribution oF = (Y1,...,Y)). Note thatG(x) = []icsi 0.517%. Thus, (2) implies that
F first order stochastically dominat&; i.e., F(X) < G(x) for all x € {0,1}'. As indicated in Tarp and
Osterdal (2007) it is immediate that one can deRvigom G by iteratively moving probability mass to
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higher realizations, i.e., from valuggo X' > x. Thus, there exists a multidimensional random variable
Z=(Z1,...,Z) > 0suchthaX = Y + Z. Therefore,

mediar{z A xi] > mediar{z Am) . (11)
ieD ieD
Next, note that the distribution Qf;.p A;Y; is symmetric, and thus

medial Z/IiYi] =E Z/liYi

ieD ieD

=05)" A (12)

ieD

(11) and (12) imply that the condition of Lemma 1 is satisfidence,al is majority-eficient.
Now suppose there exiskse {0, 1)' such that

F(X) > ]_[ 0.51%. (13)
iesl
Let xs be the set of selectable issues. Then (13) imptieg (1,...,1). Letl(x) = {i € Sl|x = 0}. If
I(x) consists of a single issue, then we are done. In partidelax, = 0 andx; = 1 for alli # k. Letal
be the policy that we get froral if we replace the positiok by its opposite, i.e.al‘;i eTl’( anda“].j = 5]’
foralli # k. Then (13) implied=(x) > 1/2. However, sincé(X) = u({0x # 5&)}, this implies thas? is
majority preferred t@ andal is therefore not majorityfécient.
We now proceed by induction on the sizel ¢f). In particular, suppose we have already shown that

if #1(x) < mand (13) holds then there existsthat is majority preferred tal” Suppose thatl#x) = m,
i.e.,1(X) ={ip,...,im1}. Then by assumption

p(t, a6, 286,28 ) <pu(i,#7)). (14)

and (13) implies _ _ _
u(lon #a 6, #a,...6,,#a 1)> @/ (15)
(14) and (15) imply that eithex ({6, # & .... 65, # & }) > (1/2™or p(i6, # &.}) > (1/2). Let

X, X" € {0, 1}Sj be defined by = 1 if and only ifi € {i1,...,im-1} andxi’é =0, x’ = 1foralli # io.
Then (13) holds either fax’ or x”. However, since Kx’'), #l (x’) < mthe induction hypothesis implies
that there existal"that is majority preferred tal” Henceal is not majority-eficient. m

Proof of Corollary 2. See text.m

Proof of Proposition 2. Suppose thataf, al) is an equilibrium. Then, each candidate wins with
probability 0.5. (Suppose, to the contrary, that Candida{eay), always loses. However, because
A® = Al he could improve by choosiraf = al, a contradiction). Letbe an arbitrary feasible policy.

If 2 >* &, then Candidate 1 wins (with probability 1) if héfers policyd Sinceal is an equilibrium
strategya® >* afor all &. Similarly, a® >* & for all &. Hence, botra® andal are majority-gicient.
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Now suppose that® andal are majority-dicient. We have to show thaa{, at) is an equilibrium.
Sincea’ >* al andal >* a° (by majority-dficiency), each candidate gets 50% of the votes and thus
wins with probability 0.5. Furthermore, by majorityieiency ofa’ andal, a® >* a anda® >* 4, for
all &. Hence, there is no profitable deviation, so ttadt &) is an equilibrium.

Now consider a mixed strategy equilibriunrd o1). Each candidate must win with probability
0.5 (otherwise, the candidate who wins with the lower prditalzould deviate to the strategy of his
opponent, thereby increasing his winning probability t6)0.Furthermore, in order for mixing to be
optimal, every policy in the support of must give agenj a winning probability of 0.5. Now, assume
by way of contradiction that the support®f contains a seB of policies that are not majorityfécient.
Because the set of policies is finit®,must occur with strictly positive probability. Then poksiinB
only win if Candidate-j also selects a non-majorityfieient policy. Because the winning probability
must be 0.5, this implies that the opponent uses a non-ragficient strategy with strictly positive
probability. Letal be a majority-&icient policy. Suppose that Candidgteses the alternative strategy
&1 which usesa” whenever a policy ifB is selected under! and corresponds 0!, otherwise. Theal”
wins whenever the opponent selects a non-majofigient policy and ties whenever the opponent uses
a majority-dficient policy. Thus, Candidatgs winning probability strictly increases, a contradictio
Hence, every policy in the support of is majority-eficient. m

Proof of Proposition 3. For (Q 0) to be an equilibrium, it must be true that

SVo
SVq

v

(1-£0)SVo + (L - ¢1)SV; and
(1-£60)SVo + (1 -£1)SV,

v

which can be rearranged to give (4). Similarly, forX}lto be an equilibrium, it must be true that

SVo
SVq

v

§OSV0 + f]_SVl and
§oSVo + 1SV,

\

which is equivalent to (5). For (Q) to be an equilibrium, it must be true that

SVo
SVi

IA

foSVo + glsvl and
(1—&)SVo + (1 - £1)SVa.

IA

This implies§# = 1% = % Cross-multiplying the last equality implies + £1 = 1, and using this

implies&y = 1. m

Proof of Proposition 4. First, note that we can renumber issues such{that., m} is the set of fixed
issues. Further, we can assume without loss of generaitytr|6; = a?}) >05forallie{l,...,k},
u({rle = ajl}) >05foralli e{k+1,...,K}, and thata? = 311 foralli e (K +1,...,m}. Since¢ is
one-to-one it follows thalt’ < 2k. We first assume th&t = 2k.
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Foralli € 3, leta = 1if u({rl6; = 1}) > 0.5 anda; = 0 if u({r|6; = 1}) < 0.5. Define the random
variableX; by
1 ifo=4q
x@={ "3
0 ifg # g
Note that voters of typé strictly prefer Candidate O or are irftirent between the candidates if

2k |

iaixi(ew D AL=Xi(0) + Z AX.(0)>ZA(1 Xi(6)) + Z AXO) + > AL -X%(0)),
i=1

i=k+1 k=m+1 i=k+1 k=m+1

which is equivalent to

Z(ﬂ. Xi(6) = A1k Xisk(6)) + Z AXi(60) = OSZ(A. k) + 05 Z A (16)
k=m+1 k=m+1
Let pp = u({6 = &)). DefineXi = X — AiuXi+k. ThenX; has the four realizationsAi.i, O,
Ai — di+k, and;, which occur with probabilities (£ pi) pisk, (1 — Pi)(1 = Pi+k), PiPi+k. @andpi(1 — Pi+k)-
Let Y; be a random variable which has realizationg,x and 4; with the same probability off =
0.5((2 - pi)pizk + Pi(L — pi+k)), and the remaining two realizations 0 aad- A;,x with the same
probability ofq’ = 0.5((1 - pi)(L — pi.k) + PiPi+k). Sincep; > pi.k it follows immediately thafX; first
order stochastically dominaté&. Thus, there exists a random varialle> 0 such thatX; = V; + Z;.
Furthermore, note th&[Y] = (q+ )4 — i) = 0.5 — Aisi).
Next, note thatX; first order stochastically dominates a random variadfjlevhich pays 1 with
probability 0.5 and 0 with probability 0.5. Thus, for mwe can find random variables with Z; > 0
andX; =Y, + Z. Clearly,E[Y;] = 0.54; Thus,

[{ |Zu Xi(6) ~ AizkXiak(6)) + Z AX.(0)>052<A. dik) +05 Z }}

k=m+1 k=m+1
| [
= u[{r | Y@ +2@)+ Y, a©) +z6) > Z E[Vil+ ) E[Yi]}}
i=1 k=m+1 i=1 k=m+1
>u[{r | iv 2 AiYi(6) 2 Z E[¥] + 2 E[Yi]}} =05,
i=1 k=m+1 k=m+1

where the last equality follows because bythand Y; are symmetrically distributed. In view of (16)
this means that Candidate 0 wins by receiving more than 50&eo¥ote share. This proves the first
statement fok’ = 2k.

Now suppose thdt’ < 2k. Let p>05 such thap < u({rl6; = a1 D for alli < k. Then define R— K’
artificial issues such that® < u({7|g; = a'}) < P and; = O for these issues. Now both candidates
j = 0,1 have the same number of issues wiftr|¢; = al}) > 0.5, and as a consequence the first part of
the argument implies. This concludes the proof of the fieteshent.

To prove the second statement, first $et= 0 for all i ¢ {1,k + 1,1}. We now show that there
exist weightsiy, Ax and4, such that Candidate 1 wins by choosing the majorityfHoient position on
issuel. In view of the first part of the proof, we must have < 11, else Candidate 0 always wins.
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If Candidate 0 chooses the majority-ffieient position on issuk then in view of (16) vote# votes
for Candidate O if
Xy = A1 Xk — A1 X 2 0.5(4A1 = Ak — Ay). (17)

If Candidate 1 chooses the same position as Candidate Oumrl idgen voter votes for Candidate O if
A1Xy = Ake1 Xk = 0.5(1 — A14k). (18)

Sincel; < Agy it follows that (18) is satisfied only for typeswith i,k # aj.k. Sinceu({0i.k # aj4x) <
0.5, this implies that Candidate O loses.

Now suppose thatx,; — 13 < 4 < A1 + A1. Then (18) is satisfied (with a strict inequality) for
allde A=1{601 =6ks1 =6, =0,0r0, =1,6k,1 =6, =0,0r01 =61 =1,6, =0,0r0, = 9 =1,
Okr1 = 0}. Clearly,

H(A) =u({61 = aru({bier = aQ,1)) + u({6r = Nu({bie1 = B ({6 # &)
+u(61 = (b1 = &2, Nulior = &)

Sinceu({6, = ag}) > u({Oks1 = a&ﬂ}), it follows immediately thap(A) > 0.5 if u({8, = a}) is close to
0.5. Thus, there existssa> 0 such that Candidate 0 wins by choosing the majorityEicient position
on issuel if u({8, = a}) < 0.5 + &. The same argument applies for any m. Finally, note that the
candidates’ vote share are continuous in a neighborhoadadfl. This proves the second statement of
the proposition.m

Proof of Proposition 5. Suppose that all candidates except for Candigatly a*, and that Candi-
datej playsal. Clearly,al cannot win outright in the first round. If Candidajteloes not proceed to the
runaf round, then his paybis zero. Suppose now that Candidatenters the rund against a Candi-
datei. Sincea* is the unique majorityf&cient policy, u({rlu-(a*) > u.(al)}) > u({rlu-(al) > u.(a*)}).
Hence, Candidate (who playsa*) wins the rund round against Candidate Thus, all candidates
playinga* is an equilibrium, as any deviating candidate would alwags|

To show the second statement, note that, ihalandidates plag* then each wins with probability
1/n. Now suppose thak # 0 and Candidaté deviates to somalA. Sinceu({r|u.(a*) > u.(al)}) > 1/n,
each of the remaining — 1 candidates (who, by assumption, split the vote equaliggives less than
1/n. As a consequence, Candidateins. Thus, all candidates playirj is not an equilibrium.m

Proof of Proposition 6. Clearly,a” cannot be an outcome under rtihnale: Candidaté cannot win in
the second round, as any opponent is majority-preferrecataidaten. Furthermore, it is not possible
for a" to win more than 50% of the votes in the first round. If all caladé choosa", then each receives
1/n < 0.5 of the votes. If one candidate chooség: a", anda” wins, then this implies tha" would
also win against' in a two-candidate competition, i.@? >* a which contradicts the assumption that
a" is a Condorcet loser.

Leta' be the the plurality rule winner. If the ruficelection does not go to the second round, tien
must win more than 50% of the votes under plurality. In thisectinere is no dlierence in the outcome
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between the two types of elections.alfwins less than 50% under plurality then under imowill be
in the second round competing against a potity Thus, in the second round of rufi@ will win if
al >* d, i.e., the outcome under rufiipal, is majority preferred to the outcome under plurality ruke.
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